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A topological mechanism for robust and
efficient global oscillations in biological
networks

Chongbin Zheng 1,2 & Evelyn Tang 1,2

Long and stable timescales are often observed in complex biochemical net-
works, such as in emergent oscillations. How these robust dynamics persist
remains unclear, given the many stochastic reactions and shorter time scales
demonstrated by underlying components. We propose a topological model
that produces long oscillations around the network boundary, reducing the
systemdynamics to a lower-dimensional current in a robustmanner. Using this
to model KaiC, which regulates the circadian rhythm in cyanobacteria, we
compare the coherence of oscillations to that in other KaiC models. Our
topological model localizes currents on the system edge, with an efficient
regime of simultaneously increased precision and decreased cost. Further, we
introduce a newpredictor of coherence from the analysis of spectral gaps, and
show that our model saturates a global thermodynamic bound. Our work
presents a newmechanism and parsimonious description for robust emergent
oscillations in complex biological networks.

The reduction of the full system response to amuch lower dimensional
description has been observed in many complex biological systems,
where the system dynamics or behavior reduces to a much smaller
phase space1–3. However, we still lack good models that can mechan-
istically account for this dimensionality reduction, or that remain
stable under noise or structural heterogeneity. This is exemplified in
computational models of memory, that describe specific attractor
states which represent persistent memories4,5. However, attractors
tend to drift or lose accuracywith noise, and it remains an area of open
research on how to retain encoded information in these models4.
Another example is that of long oscillations, such as the circadian
rhythm, which are crucial for the regulation ofmany processes such as
metabolism and replication6,7. Previously proposed models, such as
feedback loops of chemical reactions, typically involve either small
reaction networks consisting of reactions on a similar timescale as the
oscillation itself or a large number of system-dependent
parameters8–10. Simple conditions are still lacking for explaining how
such oscillations with their long timescales can emerge from a large
phase space of faster chemical reactions. Understanding the necessary
and sufficient principles that govern robust oscillations is crucial as

disruptions in biological clocks lead to decreased health and repro-
ductive fitness in multiple organisms7,11–14.

As biological networks, including those mentioned above, typi-
cally have a large phase space of possible reactions, this renders
unfeasible exhaustive searches using other approaches like experi-
ments or numerical simulation15, underscoring the need for simple
conceptual methods to provide insight16–18. The development of rig-
orous theory would also shed light on simple design principles for
targeted dynamics in synthetic biological systems19,20 or in the engi-
neering of reconfigurable materials, e.g., through dissipative self-
assembly21,22. Yet, biology presents challenges for the development of
suitable theory due to being stochastic, heterogeneous, and strongly
non-equilibrium15,23–25. Hence, the few successful models that exist in
biology are often heavily dependent on specific system parameters.

Towards dimensional reduction onto the network boundary,
topological models have been proposed in stochastic systems26–28.
These are a generalization of topological invariants studied in quan-
tumsystems29–32, which showphysical responseson the systemedgeor
boundary. Powerfully, this response is insensitive to various types of
disorder or noise26,28,33. It would be desirable to demonstrate how
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topology can be realized in a biological system, given the many
attractive properties of topology, such as its robust response. How-
ever, it has not yet been shown to relate to a biological system. Pre-
vious works do not explicitly connect to experimentally tunable
parameters or known molecular reactions, giving little guidance on
how to measure or access the topological properties26–28. Our manu-
script responds to this lack in the field, by providing detailed biophy-
sical mechanisms towards experimental verification of topological
invariants.

Here, we provide the first case study of a topological mechanism
in a concrete biological system—that of the KaiABC system for the
circadian rhythm of cyanobacteria34,35. The topological edge currents
naturally reproduce the kinetic ordering of KaiC phosphorylation
cycles, first proposed in ref. 28, where the biophysical mechanisms
remained abstract. These missing mechanisms are made concrete in
this work, where we demonstrate how the biochemical reactions36–39

interact via the separation of timescales to produce the resulting edge
currents. This provides the necessary and sufficient conditions for the
observed oscillatory cycle. We analyze the parameter space to show
how a variation of the transition rates (e.g., by changing ATP
concentration40 or using a mutant41) affects the coherence and dis-
sipation of the oscillation, by tuning the system into and out of the
topological transition. This yields key insights into an important reg-
ulatory system that haduntil now required rather complicatedmodels,
especially to reproduce the observed kinetic ordering of T and S
phosphorylation8–10.

On the theoretical level, we characterize the coherence of the
resulting cycle, showing that it satisfies theoretical bounds42 for the
most coherent oscillator equivalent to that of a unicycle network—
without the fine-tuning needed for a unicycle42. The topological model
shows high coherence compared to other available models while
producing the global day–night cycle with unusually few free para-
meters. In addition,we explore the coherence andenergetic costof the
oscillation using tools from non-equilibrium stochastic thermo-
dynamics, to reveal an efficient regime where coherence increases
while cost simultaneously decreases. Lastly, a new indicator of oscil-
lation coherence from spectral gaps in band theory is introduced, to
study the saturation of this model on global thermodynamic bounds.
Overall, this analysis can explain long-standingpuzzles in biology, such
as how dimensional reduction is achieved in a robust and flexible
manner to produce emergent oscillations.

Our work provides an alternativemechanism for oscillations from
the prevailing paradigm of Monod–Wyman–Changeux (MWC)43. This
paradigm assumes cooperative all-or-none conformational changes
for protomers in an oligomer upon ligand binding, which acts as a
molecular switch that changes the affinity of all binding sites. The
model has been useful in describing systems such as hemoglobin43,
ligand-gated ion channels44, and bacterial chemotaxis45. Still, it remains
unclear if the MWCmodel is the dominant mechanism for many other
systems. Using the MWC view, models for KaiABC typically assume
highly cooperative conformational changes for KaiC monomers in
order to obtain oscillations9,10,46,47. However, new structural studies
suggest that the positive cooperativity between monomer conforma-
tional states is fairly weak48. Hence, it is timely to examine alternative
models that can generate emergent oscillations formacromolecules in
the presence of strong internal fluctuations or weak positive coop-
erativity. Overall, ourworkproposes a newpathway for the emergence
of high coherence despite stochasticity and strong fluctuations dis-
tinct from the typical paradigm of strong cooperativity, that could be
relevant for biological oscillations more generally.

Results
Topological model for emergent oscillations
We consider discrete stochastic processes that operate in a two-
dimensional configuration space. The state of the system is completely

specified by three variables (x, y)s. The “external” variables x and y are
independent dynamical variables. Based on the widespread presence
of non-equilibrium cycles in biological systems49–51, we propose that
the “external” transitions modifying these variables form reaction
cycles. The external processes have transition rates γex and slower
reverse rates γ0ex≪γex (black solid arrows), as shown in Fig. 1a. In the
KaiABC system, x and y represent the number of phosphorylated T-
and S-sites, respectively. T and S are two residues on eachmonomer of
the hexameric KaiC molecule52, where T phosphorylation is denoted
withorange spheres andSphosphorylationwithpink spheres in Fig. 1a.
Hence, phosphorylation occurs in the left and top arrows of the cycle
in Fig. 1a, and dephosphorylation in the remaining right and bottom
arrows—this four-state motif contains two futile cycles49,50.

The “internal” state variable s, given by compass directions
N–E–S–W, labels which of the four external transitions the system is
primed for. For example, in theW state, the system is most likely to go
through the westward external transition that decrements x. Within
each phosphorylation level (x, y), we model transitions between
internal states in a cyclic manner, with transition rates γin and slower
reverse rates γ0in≪γin (gray dashed arrows in Fig. 1b). In the KaiABC
system, the vertical internal transitions stem from conformational
changes of the A-loop36,38, where the A-loop is denoted as a blue square
when exposed and as a purple circle when buried (Fig. 1b). The top
(N→W) and left (W→ S) transitions are facilitated by KaiB binding and
unbinding, respectively53,54. The bottom transition (S→ E) is catalyzed
by KaiA55,56, represented by a curved arrow. As a single KaiA dimer
binds and unbinds several times during each phosphorylation57,58, it
acts as a catalyst, consistent with the treatment of KaiA in previous
models9,59. The intermediate KaiA-bound states are coarse-grained out
of the model and not shown.

These reactions are repeated for eachmonomer and hence canbe
laid out as a lattice. As shown in Fig. 1c, the phosphorylation/depho-
sphorylation cycles in Fig. 1a (green box) and the internal cycles in
Fig. 1b (blue box) both repeat along the x and y axes of T and S
phosphorylation. Such a lattice will have edges representing the phy-
sical constraints of the system, i.e., 0 ≤ x ≤Nx and0 ≤ y ≤Ny. In our case,
Nx =Ny = 6 since there are 6 sites available on aKaiChexamer for eachT
and S phosphorylation. Note that our model only keeps track of the
number of T and S phosphorylated monomers, while the specific
location of each monomer does not matter.

Our model in Fig. 1c is mathematically equivalent to the model
introduced in ref. 28 but given a novel interpretation based on a more
realistic description of KaiABC. Specifically, in ref. 28, the external
variables x and y represent the number of phosphorylated KaiC
monomers and the number of monomer conformational changes. In
our paper, these variables are interpreted as the number of T and S
phosphorylated monomers. Rather than occurring independently, the
conformational change is instead hypothesized to change the system's
internal state. In addition, we include interactions with KaiA and KaiB
molecules along with ADP/ATP turnover as reactions that change the
internal state of the model.

Towards analyzing themodel, we simplify our parametrization for
the four transition rates γex, γ0ex, γin, γ

0
in down to three parameters. First,

μ is the thermodynamic force defined by eμ=kBT � γex=γ
0
ex = γin=γ

0
in. We

analyze μ in units of kBT. For an arbitrary cycle in the network, the sum
of μ along each transition in the cycle is the energy input into that cycle
from external driving such as ATP hydrolysis60. The system obeys
detailed balance when the total μ along every cycle is 0 and is out of
equilibrium otherwise61. Here we assume the same μ for every transi-
tion in themodel, which removes one free parameter. Detailed balance
then simply corresponds to μ = 0. Second, ρ varies the ratio of external
to internal transitions, as defined by eρ � γex=γin = γ

0
ex=γ

0
in. It quantifies

the separation of timescales between the external and internal transi-
tions. Lastly, γtot controls the overall timescale of all transitions,
i.e., γtot � γex + γ

0
ex + γin + γ

0
in.
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There are two dynamical regimes for the system, determined by
tuning the parameter ρ. In the trivial regime, when ρ < 0, the system
tends to go through local counterclockwise cycles via internal transi-
tions γin, interspersed with slower external transitions γex that break
out of these cycles. Over a long time, the system displays diffusive
dynamics and will ergodically explore the whole state space. In the
topological regime, when ρ >0, the system supports an edge state28. In
the bulk of the state space, the systemwould similarly go through local
clockwise cycles via external transitions γex, interspersed with internal
transitions γin, which are now slower. However, once the system
reaches the edge, it will continue around the edge. This can be verified
by inspection in Fig. 1c (also see Supplementary Movie 1). Over long
times, the steady-state distribution will hence lie on the system edge,
forming a global current that flows counterclockwise along the
boundary of the lattice (see Fig. 1d). The edge state and the associated
dynamical regime have a topological origin, as their emergence is
governed by a topological invariant, the 2D Zak phase28,62. For our
topological model, the 2D Zak phase takes the trivial value (0, 0)
when ρ <0 but becomes (π,π) in the topological regime ρ > 0
(see Supplementary Section II formore details). As ρ becomes larger in
the topological regime, the Zak phase (π,π) is preserved, while the
edge state becomes more localized on the system boundary63. The
edge state further inherits the useful property of topological protec-
tion from inaccessible states28 or perturbations in transition rates (see
Supplementary Figs. 1 and 2). Because of these unusual properties, we
focus on the topological regime and investigate the properties of our
system, assuming ρ >0 from now on.

Biophysical mechanisms for the topological model
In the topological regime, our model exhibits a separation of time-
scales (γex≫γin). This finds experimental support in the KaiABC sys-
tem, where the faster phosphorylation/dephosphorylation reactions
are primed by other slower processes. As shown in Fig. 2a, phos-
phorylation involves two main steps. The slow transition priming
phosphorylation is the KaiA-induced ADP release and ATP binding64.
This process occurs in the nucleotide-binding pocket on the CII
domain65 (gray oval on the upper lobe of KaiC in Fig. 2a). The fast
phosphorylation reaction occurs only after the ADP/ATP exchange, as
it transfers the phosphate group Pi from ATP to the phosphorylation
site66,67. Similarly, dephosphorylation also involves twomain steps. As
shown in Fig. 2b, the slow transition priming T dephosphorylation
is KaiB binding56,57,68 and ATP hydrolysis at CII66,67. With ADP at the
CII domain, fast dephosphorylation can proceed by transferring Pi
back to ADP66,67. Such separation of timescales is essential for the
emergence of global oscillations in phosphorylation level due to
nontrivial topology.

Moreover, non-equilibrium driving powers key reactions in the
KaiABC phosphorylation cycle. In particular, phosphorylation is pow-
ered by the conversion of ATP to ADP66,67, a process that dissipates free
energy in relevant experimental conditions. Indeed, experiments show
that the ATP consumption rate increases by 75% during the phos-
phorylation phase compared to the average basal rate69. In addition,
KaiB binding is powered by ATP hydrolysis in the CI domain (lower
lobeof KaiC in Fig. 2), which leads to subsequent dephosphorylation40.
CI ATP hydrolysis proceeds slowly but continuously throughout the

Fig. 1 | Topological model for emergent oscillations, illustrated with KaiABC
that regulates the circadian rhythm. a Based on observations of autopho-
sphorylation in the literature51,57,59, it is thought that monomers undergo phos-
phorylation and dephosphorylation cycles (black arrows γex and slower reverse
transitions γ0ex). Two types of phosphorylation T and S are shownwith the addition
of orange andpink circles and thenumbersof each are given in brackets.bWithin a
given phosphorylation level, internal transitions (gray arrows, γin and γ0in) take
place due to conformational changes (illustrated by circles vs. squares) or inter-
action with proteins like KaiA or KaiB. The internal state (N, E, S, W) labels the
direction of the next external transition that it primes. KaiA promotes phosphor-
ylation catalytically57 and hence is denoted with a curved arrow. c These cycles can

be laid out in a lattice, with T phosphorylation along the horizontal axis and S
phosphorylation along the vertical axis, where each set of four internal transitions
(highlighted in blue) repeats along these axes. d This lattice allows probing of its
topological properties. In the ordinary case with similar rates throughout, i.e.
γex ~ γin, the system will perform a random walk ergodically through the phase
space. In the topological regime, when γex≫ γin, once the systemhits anedge, itwill
continue around the edge, as canbe verifiedby inspection.Weplot the steady state
in the topological regime, which lies on the system edge, taking μ = 1,ρ = 2, γtot = 1.
There are 28 states along the edge with high probability, labeled by the order in
which they are traversed in a typical trajectory. These trajectories form a global
current along the edge of the state space.
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phosphorylation cycle, at a rate of only ~10 ATPmolecules per day40,69.
Such consistent external driving is required for a global reaction cycle
where each transition is biased toward the same direction and detailed
balance is broken60.

In Fig. 2a and b, we illustrate the case of T phosphorylation/
dephosphorylation. The same ADP/ATP exchange and phospho-
transfer mechanisms are used for S phosphorylation/depho-
sphorylation. Additionally, S phosphorylation is accompanied by
A-loop burial while S dephosphorylation is accompanied by A-loop
exposure inourmodel, consistentwith experimental results38. The role
of S-sites (rather than T-sites) in regulating KaiC conformational
change is further highlighted in a structural study, where S phos-
phorylation/dephosphorylation drives conformational changes of a
local phospho-switch between the CI and CII domain70. In particular,
we assume that monomer conformational changes occur after S
phosphorylation of the samemonomer. It follows that the states (x, y)E
and (x, y)S (for y > 0) have y−1 circles and 7−y squares, while the states
(x, y)W and (x, y)N have y circles and 6−y squares. Moreover, KaiB
unbinding rather than KaiB binding tends to occur during S
dephosphorylation54. We note this tendency using “-KaiB” in Fig. 1b.
Note that the internal processes illustrated in Fig. 2a and b form
reaction cycles as shown in Fig. 1b. This is consistent with experimental
evidence that A-loop exposure facilitates KaiA catalysis36 and inhibits
KaiB binding37, while A-loop burial facilitates KaiB binding and inhibits
KaiA catalysis37. Such interactions between A-loop conformations and
KaiA/KaiB, therefore, restrict the allowed internal transitions to a single
cyclic pathway.

In experimental conditions that support oscillations, KaiC forms a
stable hexameric structure71. Each monomer in the hexamer can

independently go through the biochemical reactions illustrated in
Fig. 2a and b. Experimentally, it is well established that KaiCmolecules
exhibit 24-h cycles via a concerted phosphorylation sequence in the
presence of KaiA and KaiB35. As illustrated in Fig. 2c, during the day, all
six KaiC monomers get phosphorylated at the T-sites, and then at the
S-sites. By night, all the T-sites get dephosphorylated, again followed
by the S-sites72. The phosphorylation phase is facilitated by KaiA
catalysis55, while the dephosphorylation phase is promoted by KaiB
binding53. The robustness of this concerted phosphorylation sequence
is surprising since KaiC monomers within the hexamer can indepen-
dently phosphorylate and change conformations48. Given this very
large phase space of possible reactions available to individual mono-
mers, why would all the monomers phosphorylate in a concerted
global cycle? Further, since phosphorylation in both T and S are pro-
moted during the day, why does phosphorylation proceed in the
specific order where all six T-sites get phosphorylated before S phos-
phorylation begins (Fig. 2c)?

To answer this question,models9,10,46,47 have typically relied on the
cooperative or Monod-Wyman-Changeux paradigm43 of allosteric
regulation, which restricts the configuration space such that either all
or none of the monomers in a complex undergo a conformational
change. However, recent cryo-EM data shows that monomers can
demonstrate independent conformational changes in the same
hexamer48, challenging this strong restriction. Further, these models
often put in by hand the specific ordering of T phosphorylation
occurring before S phosphorylation.

Our topological model presents an alternative way to account for
the experimental facts and explain the emergence of the KaiC phos-
phorylation cycle. As previously discussed, in the topological regime

Fig. 2 | Biophysical mechanisms for the topological model, which reproduces
the KaiABC circadian rhythm. a Phosphorylation of a monomer relies on two
main steps. Left: Slow reaction γin where KaiA promotes ADP release and ATP
binding in the CII nucleotide-binding pocket (gray oval)64,66,67, priming the mono-
mer for phosphorylation. Right: Fast reaction γex where a phosphate group Pi is
transferred from ATP to the phosphorylation site66,67. b Dephosphorylation simi-
larly has two main steps. Left: Slow reaction γin where KaiB binds to KaiC56,68 and
ATP hydrolyzes to ADP at CII66,67, priming the monomer for dephosphorylation.
Right: Fast reaction γex where Pi is transferred back to ADP66,67. In both (a,b), we
illustrate what happens for T-sites; additional distinctions between T and S phos-
phorylation/dephosphorylation are discussed in the main text. c KaiABC exhibits

oscillations via a concerted global cycle of phosphorylation and depho-
sphorylation. During the day, all six KaiC monomers get phosphorylated at the T-
sites, and then at the S-sites. Phosphorylation is promoted by interaction with KaiA
molecules55. By night, phosphorylated KaiC binds to KaiB, which sequesters KaiA
from the solution. In the absence of KaiA, all the T-sites get dephosphorylated,
followed by the S-sites56. Since individual monomers can independently
phosphorylate51, it is unclear why they would perform a concerted phosphoryla-
tion cycle that is robust. d A possible solution lies in the topological phase of the
model, in which a global cycle emerges that recapitulates the experimentally
observed phosphorylation sequence.
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where ρ≫0, the system supports a propagating edge current.
Figure 2d shows a coarse-grained picture of the edge current. One out
of four internal states is shown for each phosphorylation level (x, y)
along the edge, specifically the last state along the edge (e.g. E states
for the bottom edge or S states for the left edge). As we can see, the
edge current is equivalent to a global cycle of concerted phosphor-
ylation of the T-sites, followed by the S-sites, then dephosphorylation
of the T-sites and, lastly, of the S-sites (also see Supplementary
Movie 1). This provides a mechanism that allows for monomers to
undergo conformational and other changes individually, while still
producing a global cycle and the experimentally observed phosphor-
ylation sequence that emerges with less fine-tuning.

Model thermodynamics: Precision vs. cost
While this topologicalmodel provides a unique alternativemechanism
to experimentally observed oscillatory dynamics, how precise or effi-
cient are the oscillations produced? In this section, we quantify the
thermodynamics and entropy production of this model and compare
its performance to that of other KaiCmodels42,73,74. Further, we identify
a new predictor for oscillator coherence and analyze the saturation of
thermodynamic bounds for different models. We begin by analyzing
the master equation that describes stochastic systems,

dp
dt

=Wp, ð1Þ

where p(t) is a vector that describes the probability distribution of sys-
tem states. W is the transition matrix, whose elements W ij specify the
transition rates fromstate j to i. Thedynamics of oscillations are typically
dominatedby thefirst non-zeroeigenvalueofW, which is theeigenvalue
with the smallest modulus in the real part42. This eigenvalue is denoted
as λ1 =−λR + iλI for the real and imaginary parts λR and λI, respectively;
λR, λI≥0. In general, p(t) relaxes to the steady-state distribution through
damped oscillations, with a decay time λ�1

R and oscillation period
T = 2π=λI

42 (also see Supplementary Fig. 3). Following ref. 42, we define
coherence as the ratio

R � λI
λR

, ð2Þ

which quantifies the robustness of sustained oscillations before sto-
chastic noise destroys the coherence (more details in Supplementary
Section III). We would like to see how our model performs using this
metric and what factors contribute to increased coherence.

In typical oscillator models, coherence can be increased by dis-
sipating more free energy. For a general oscillator model described by
a master equation, the free energy cost for maintaining the non-
equilibriumsteady state under constant temperature canbequantified
by the entropy production per period ΔS. Denoting the steady-state
probability distribution as ps and the oscillation period as T , ΔS is
given by75,76

ΔS=
T
2

X

i,j

ðps
jW ij � ps

iW jiÞ ln
ps
jW ij

ps
iW ji

 !
: ð3Þ

In the MWC-type model of KaiC studied in ref. 42, for example,
increasing ΔS is necessary to increase coherence. Both quantities
increase when the external driving μ is stronger, although coherence
starts to decrease when μ is increased still further (see Supplementary
Fig. 6). This leads to even worse performance for the oscillator as it
maintains less coherent oscillations with increasing energetic cost.

On the contrary, our model in the topological regime displays an
unusual regime where coherence increases while entropy production
per period becomes lower. Figure 3a shows the coherence of our

model as a function of the two parameters μ and ρ (also see Supple-
mentary Fig. 4 featuring both positive and negative ρ). Increasing the
thermodynamic force increases coherencemonotonically, as expected
for typical oscillator models42. Going deeper into the topological
regime by increasing ρ also leads to higher coherence, as the global
currents become more localized on the system edge63. However, the
entropyproductionper periodΔSdoesnot changemonotonicallywith
μ. As illustrated in Fig. 3b, in a smaller lattice, the system response
becomes localized to the edge as μ increases. This causes the entropy
production on the edge (blue arrows) to increase, while the entropy
production in the bulk (orange arrows) decreases, in the region
1.5 < μ < 7. Since the bulk contribution typically dominates the edge
contribution, i.e., OðN2Þ≫OðNÞ where N is the typical system size, the
sum of their contributions also decreases (green curve in Fig. 3c). This
negative slope of ΔS with respect to μ implies that the system dis-
sipates less free energy overall even when the external driving μ sup-
plied to each reaction is stronger. In other words, we “get more from
pushing less”77–80. This unusual regime has a topological origin, since
the decrease in the bulk entropy production results from the locali-
zation of the steady state onto the system edge. This unusual negative
slope leads to a unique experimental signature. Where ΔS has a
negative slope, increasing the ATP concentration (increasing μ) leads
to a decrease in total ADP production (decreasingΔS). This is a striking
prediction of our topological model, as shown by the dash-dotted
arrow in Fig. 3c. In addition, since coherence increases monotonically
with μ, this leads to an efficient regime with simultaneously increasing
coherence and decreasing cost. The cost-effectiveness in terms of
expending free energy for coherent oscillations can be measured by
the ratioΔS=R81. See Fig. 3d for the region in parameter space with low
ΔS=R, indicating a highly efficient oscillator.

We can further compare the coherence between different families
of KaiC models. We include a simple MWC-type model42 and a bilayer
model that has a lattice structuremore similar to ours, adapted fromLi
et al.74 (details of each in Supplementary Section IV). Each layer in the
bilayer lattice represents the T and S phosphorylation levels along its x
and y coordinates, similar to our topological model, with the possibi-
lity to switch between the two layers that denote unbound KaiC and
KaiB-bound KaiC, respectively (see Supplementary 5b and c). KaiC is
more likely to bind to KaiB on the upper right half of each lattice and
more likely to unbind on the lower left half. In order to aid comparison,
we simplify this lattice model using our (μ, ρ) parameters (see Sup-
plementary Section IV).

By sampling random parameters in the three models, we find a
regime of high thermodynamic driving where the topological model
has the highest coherence (Fig. 3e). In the sameplot, we also indicate a
thermodynamic bound for coherence42 for eachmodel (dashed lines),
which depend on the system size and thermodynamic force μ (see the
“Methods” section). We also plot the bound for a 28-state unicyclic
model (purple dashed line in Fig. 3e), which our model approaches in
the limit of high μ and high ρ. This is because there are 28 slow internal
transitions on the edge that form the effective bottleneck and dom-
inate over the other fast external transitions, resulting in 28 high-
probability states, as noted in Fig. 1d. This shows that our topological
model approaches the bound set by the most coherent cycle, which is
the unicycle with uniform rates (γin and γ0in in our case)42, deep in the
topological regime with high external driving.

Given the high coherence of our model, we would like to identify
the factors that determine high coherence. Here, we introduce a new
predictor of coherence, which is the spectral gap (or band gap) of the
system, inspired by the band theory of solids82. As the spectral gap
measures the separation between modes with different timescales75, a
larger gap predicts greater separation between modes and, hence, the
stability of longer-lived modes, as they mix less with transient ones.
See Fig. 4a and b for the spectral gap in both imaginary and real space,
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ΔI and ΔR, respectively, in the reciprocal space version of our topolo-
gical model (see Supplementary Section VI). The spectral gap is
defined as the difference between the minimum of the topmost band
and the maximum of the band below it. Comparing ΔI with the ima-
ginary part λI of the first non-zero eigenvalue λ1 in Fig. 4c, we see
that they track each other well as μ is increased. Since coherenceR is
the ratio of λI to its corresponding real part λR of the same eigenvalue
(Eq. (2)) and λR remains roughly constant with increasing μ (see Sup-
plementary Fig. 8), ΔI tracks R (Fig. 3a) monotonically in μ as well.
Along the other axis, increasing ρdecreases the spectral dispersion, i.e.
it compresses the top band in Fig. 4a. The topmost point of the top
band also increases with ρ while the middle green bands in Fig. 4a
remain flat, leading to a widened spectral gap ΔI for increasing ρ.
Moreover, λR decreases more quickly than λI with increasing ρ, so that
their ratioR increases (see Supplementary Fig. 8). Therefore, ΔI tracks
coherence in ρ as well. Hence, both the imaginary spectral gap and
coherence track each other monotonically, as can be seen in their
phase diagrams Figs. 4d and 3a, respectively, where both saturate to a
maximum following a rapid increase.

Lastly, we examine how the different models perform compared
to a conjectured global thermodynamic bound on the full spectrum of
W83. For a given thermodynamic force, the spectrum is found to lie
within an ellipse in the complex plane (purple line in Fig. 4e). Themost
coherent cycle, a unicyclic network with uniform rates42, saturates this
bound83. While the other two families of KaiC models do not saturate

the bound for any sampled parameters, our model approaches this
bound as ρ→∞. This is consistent with our model approaching a uni-
form unicyclic network when ρ is large, and also with our previous
analysis of the spectral gap contributing to high coherence. Similar to
the results in the reciprocal space model discussed above, the transi-
tionmatrixW also shows a larger imaginary spectral gap asρ increases.
The larger gap moves the topmost eigenvalue upward in the complex
plane to saturate the global spectral boundwhile increasing coherence
(see Supplementary Section VI and Supplementary Fig. 7 for details).

Discussion
We have proposed a topological model that generates coherent
oscillations, which supports an unusual regime with increased coher-
ence and simultaneously decreased energetic cost. The mathematical
model, which first appeared in ref. 28, is interpreted in a biological
context and applied to the KaiABC system. Compared to other KaiABC
models, our model has high coherence and more closely saturates a
global spectral bound, similar to the most coherent unicyclic models.
We also find that the imaginary spectral gap can be used to predict
oscillation coherence. Further, the kinetic ordering of the KaiABC
phosphorylation cycle arises naturally as an edge current in ourmodel.

In contrast to typical MWC-type models, which usually involve a
large number of system-dependent parameters9,10, our model is par-
simonious in that it captures the same phosphorylation dynamics with
only a fewparameters.Moreover, it alsodoes not requirefine-tuningof
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the reaction rates or restriction of the configuration space to an all-or-
none conformational change, an assumption that is not supported by
emerging experimental evidence48. Indeed, recent cryo-EM images of
KaiC hexamers suggest that KaiC conformational changes are weakly
coupled48. From experimental data, the two states consistent with the
MWC picture (all buried or all exposed A-loops) are not the most
abundant species observed. Rather, hexamers with mixed A-loop
conformations make up more than 80% of the entire population.
Notably, the coupling constant J from the Ising model fit is very small
(J =0.086), and the correlation length ξ is short (ξAA ≈ ξEE ≈0.5 mono-
mer length)—demonstrating weak cooperativity between monomers.

We further propose three testable experimental signatures for our
topological model in the KaiABC system. First, we predict a response
unique to our topological model where decreasing ATP concentration
leads to an increase in ADP consumption. This is the opposite of what
would typically be expected and is due to the systembeingdriven from
the edge localized state into bulk dynamics that simultaneously
increase energy consumption despite a decrease in coherence. This is
unique to our topological model and discussed in Fig. 3c. We expect a
5-fold increase in ADP consumption for a 10-fold decrease in ATP
concentration, which can be measured via tracking ADP levels69 or
alternatively with heat dissipation84. Second, we predict that KaiC
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hexamers should have a wide distribution of different A-loop con-
formational patterns when imaged over the period of an oscillation.
This would be a similar pattern to what has been observed for non-
oscillating KaiC mutants48, which would distinguish our model from
MWC-typemodels9,10,59, where all sixA-loops are expected to bemostly
buried or exposed. Lastly, mutants that do not oscillate85 can be used
to avoid potential confounds due to synchronization effects. As our
model couples S phosphorylation with A-loop burial (while still
allowing independent conformational change), this predicts that
mutants mimicking phosphorylated S-sites would correlate with hex-
amers having mostly buried A-loops with the highest frequency.
Meanwhile, mutants mimicking unphosphorylated S-sites would cor-
relate with hexamers having mostly exposed A-loops.

Our model gives rise to the observed sequence of phosphoryla-
tion reactions in KaiABC without having to tune as many free para-
meters as in typical models9,10. This is due to the repetition of simple
motifs in our network, which allows the flexible generation of emer-
gent timescales. Further, we note that population effects in KaiABC are
known to be important, e.g., by promoting the synchronization of
many molecules in the KaiABC system9,35,56. Still, the oscillation and
coherence of individual molecules are generally presumed to be
building blocks for sustained oscillations at the population level, even
while the extent of the single-molecule contribution remains unclear.
Hence, our work focuses on the oscillations and coherence of single
molecules as afirst step towards the understanding of population-level
coherence, with the exploration of multiple molecules and their syn-
chronization to be left for future work. See Section VII in Supple-
mentary Information for preliminary work on generalizing our single-
molecule model to many molecules and incorporating population-
level effects such as competition for KaiA molecules.

By rigorously embedding topological methods within non-
equilibrium statistical physics, our work generalizes their usage
for various biological and chemical systems. Our results suggest a
new mechanism that utilizes dissipative cycles to produce emer-
gent oscillations or attractor states in biological systems. This
mechanism can be tested by introducing perturbations or mutant
proteins86, in order to jointly analyze how these changes modify
the robustness and coherence of the global cycle. Even though we
have mostly discussed our model in the context of the KaiABC
system, the model is more general. It can be mapped to various
other biological systems where x and y represent other possible
types of molecular modifications, such as polymerization28.
More broadly, our model provides a blueprint for the design of
synthetic oscillators, which is becoming increasingly feasible
due to new experimental developments87,88. While designing
synthetic oscillators that are robust across different parameters
or changes in the environment remains a challenge89,90, this pro-
ject provides new models for robust oscillators and continuous
attractor dynamics in various biochemical scenarios and changing
conditions.

Methods
Simulation of the system steady-state
The steady-state probability distribution in Fig. 1d is obtained by
simulating the system dynamics with the Gillespie algorithm91. The
simulation is run for 108 steps with a random initial condition, and the
probability for each state is given by the fraction of time the system
spends in that state.

Thermodynamic bound for coherence
Ref. 42 conjectures an upper bound for coherence for any stochastic
system. Suppose that a cycle κhasNκ states labeledby κ1,κ2,:::,κNκ

such
that κ1 is connected to κNκ

and κ2, κ2 is connected to κ1 and κ3, etc.

Define the affinity of κ as Aκ � ln
QNκ

i = 1
Wκi+ 1κi
Wκiκi+ 1

, where κNκ + 1
is the same

as κ1. For an arbitrary stochasticmodel, we look at all possible cycles in
the underlying network. The upper bound for coherence in Fig. 3e is
given by

R≤maxκ cotðπ=NκÞ tanh½Aκ=ð2NκÞ�
� �

:

For the topological model, the thermodynamic force per state Aκ=Nκ

is always μ, and the cycle that maximizes the right-hand side of the
bound is the global cycle going around the boundary with Nκ = 52.

Global spectral bound for a driven stochastic system
The global bound in Fig. 4e is conjectured by Uhl and Seifert83 for the
spectrum of any transitionmatrix for a master equation. To obtain the
bound, we look for a cycle that maximizes the affinity per stateAκ=Nκ .
Denote this maximum by AC=NC. We also define w0 =maxi½jW iij�. The
spectrum is hypothesized to lie entirely in the ellipse given by

gðxÞ=w0 �1 + cosð2πxÞ+ i tanh½AC=ð2NCÞ� sinð2πxÞ
� �

:

For the topological model, we have AC=NC =μ. The bound for μ = 2 is
plotted in purple in Fig. 4e. Each model has a different w0 for their
corresponding transition matrix. To plot all spectra under a common
bound, we rescale each transitionmatrix by a constant factor such that
w0 = 1 for all transition matrices considered.

Sampling random parameters
In Fig. 3e, for the topological model and the bilayer lattice model, we
randomly select the parameters μ∈ [0, 10] and ρ∈ [0, 7] fromuniform
distributions on each interval. For the MWC model in ref. 42 (see
Supplementary Section IV for parameter definitions), we select from
the uniform distributions γ∈ [3, 7], E∈ [5, 15] and η 2 ½0, 703 �. The
parameterization of theMWCmodel is such that themaximum affinity
per state is A=N = 3

7η. Because we keep A=N (which we also call ther-
modynamic force per state and simply denote as μ) the same in Fig. 3e,
η 2 ½0, 703 � exactly corresponds to μ∈ [0, 10]. For Fig. 4e, we fix the
thermodynamic force per state μ = 2 (which is η= 14

3 for the MWC
model) and sample the remaining parameters ρ, γ, and E in the same
way as above.

Reporting summary
Further information on research design is available in the Nature
Portfolio Reporting Summary linked to this article.

Data availability
All data used to produce the figures in this manuscript can be gener-
ated from the computer codes deposited at https://doi.org/10.5281/
zenodo.12593308.

Code availability
Mathematica andMATLAB codes used to generate the data and figures
in this manuscript have been deposited on Zenodo at https://doi.org/
10.5281/zenodo.12593308.
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