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Topology of the simplest gene switch
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Complex gene regulatory networks often display emergent simple behavior. Sometimes this simplicity can
be traced to a nearly equivalent energy landscape, but not always. Here, we show how a topological theory
for stochastic and biochemical networks can predict phase transitions between dynamical regimes, where the
simplest landscape paradigm would fail. We demonstrate the utility of this topological approach for a simple
gene network, revealing a new oscillatory regime in addition to previously recognized multimodal stationary
phases. We show how local winding numbers predict the steady-state locations in the single-mode and bimodal
phases, and a flux analysis predicts the respective strengths of the steady-state peaks.
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I. INTRODUCTION

Gene regulatory networks often seem to resemble a giant
hairball of unstructured, heterogeneous, coupled, ultimately
stochastic, biochemical reactions [1] characterized by nu-
merous, often poorly known, kinetic parameters [2]. This
complexity has evolved so that organisms can cope with a
variety of ever-changing environmental challenges. Neverthe-
less, simple stable collective behaviors often emerge from
this complexity. The many stable patterns of gene expression
found in different cells are often described as comprising a
landscape [3]. Abstract, simplified models of stochastic gene
networks have been shown to possess attractor landscapes like
those of minimally frustrated Hopfield models [4,5]. Tripathi
et al. have recently analyzed the stability of some specific
realistic gene networks to variation of parameters, concluding
that these networks, in fact, are minimally frustrated in the
same sense [6].

The quasiequilibrium landscape picture does not exhaust
all the observed regularities of gene regulation, however.
The nonequilibrium character of controlled protein synthesis
allows for oscillations [7] and indeed chaos [8,9]. Such be-
haviors may be captured through the introduction of gauge
fields to the usual reversible dynamics based on the gradient
of an energy usually envisioned in landscape theory [10–12].
Owing to these emergent gauge fields, it is natural to inquire
whether topology can give insights into the regularities of
gene regulation.
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Topology has been found to provide a theoretical pre-
scription for the dimensional reduction of large systems to
a lower-dimensional behavior [13,14]. Topological consid-
erations suggest that steady-state response can emerge on
the edge of the state space. Crucially, such edge responses,
whether as currents or localized states, are robust to random
perturbations of the model, an essential element of biologi-
cal robustness. Topological ideas entered physics in quantum
systems [15,16] but topological thinking has since been
developed for other systems, including mechanical lattices
[17–19], photonic crystals [20,21], and soft matter systems
[22–24]. Topological tools have recently entered biological
physics [25–30] to describe the circadian rhythm [31], mi-
crotubule growth [28], and chemotaxis adaptation [25,26].
Both the existing biological and physical models describe
uniform lattices as their state space [14,25–30]. The transition
network, however, is not uniform in stochastic models of
gene networks. In this paper, we develop topological tools
for biological networks with heterogeneous transition rates
within a lattice configuration and use these tools to describe
the simplest self-repressing or self-activating gene switch
[32–34].

This simplest gene switch that is turned on or off by
a monomeric transcription factor is remarkable in that its
deterministic limit suggests that it should not display multi-
modal behavior at all. Nevertheless, the exact solution does
display multiple patterns of expression [32,33]. Here, we for-
mally predict these regimes and their phase transitions using
topological methods. We further predict the position of the
steady states of this model in the single and bimodal phases
and use flux analysis to predict the respective heights of
steady-state peaks. The complexity of the simplest switch’s
behavior comes from near-extinction events that occur when
the transcription factor number veers on vanishing, at the edge
of the state space [35]. In principle, all gene networks have
state space with such edges where proteins become extinct at
least briefly, so the topological edge features paramount in the
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FIG. 1. Self-repressing gene network. (a) A gene generates pro-
teins at rate g1. Each protein degrades at rate k or binds to a
transcription site at rate h, repressing generation when bound. The
bound protein unbinds at rate f . (b) The network forms a ladder
structure defined by protein number n and transcription factor state
(bound/unbound). Right inset: To compute spectral flow, transitions
between states (n∗, 1) and (n∗ + 1, 1) are multiplied by phase factors
e±iχ .

simplest gene switch may also manifest themselves in other
more realistic situations.

II. SPECTRAL FLOW PREDICTS THREE PHASES
IN THE GENE SWITCH

Here, we introduce a spectral flow analysis that predicts
several different dynamical regimes in a biochemical network.
We start by analyzing the single transcription factor gene
switch [32,33], shown in Fig. 1(a). This is the simplest pos-
sible switch. In this system, a gene generates proteins at rate
g1, while the protein acts as its own repressive transcription
factor: It binds to the gene at rate h, repressing protein gen-
eration. The transcription factor unbinds at rate f , restoring
generation. Proteins degrade at rate k.

This system thus forms a state space described by a vector
pns, where n ∈ R0

+ is the number of protein molecules in the
cell, and s = 0 and 1 are the off and on states of the gene,
which correspond to the DNA being bound or free of bound
transcription factor [see Fig. 1(b)]. This probability vector is
governed by the master equation

∂t pns =
∑
mq

Wns,mq pmq, (1)

where the transition matrix W specifies the following
rates: Generation in on state W(n+1)1,n1 = g1, degradation
Wns,(n+1)s = (n + 1)k, binding Wn0,(n+1)1 = (n + 1)h, and
unbinding W(n+1)1,n0 = f . To conserve probability, diagonal
terms of the transition matrix W balance the sum of the
outgoing transitions. Due to the state dependence of the degra-
dation and binding rates, this network is nonuniform and thus
requires tools beyond those used in the usual quantum context.

To analyze topological properties of the gene network, we
introduce a counting field χ that counts the number of times
that a typical trajectory encompasses a chosen transition [36]
(see Appendix B for details). Practically, this entails one rate
of the network to be given a complex value whose phase χ

sweeps from −π to π , as illustrated in Fig. 1(b). Note that
this field could have been inserted on any rate along a typical

FIG. 2. Spectral flow predicts three distinct phases in a self-
repressing gene network. (a) The network spectrum as a function
of χ shows spectral flow in three regimes of adiabaticity ω = f /k,
represented by ω = 0.1, 1, and 5. (b) Coherence as a function of
adiabaticity ω reveals an oscillatory regime at intermediate ω ≈ 1.
(c) Steady state has two peaks in the nonadiabatic phase, spreads
over the network in the oscillating phase, and has a single peak in
the adiabatic phase. Coherence is shown for X ad = g1/2k = 20 and
varying X eq = f /h. Panels (a) and (c) use X ad = X eq = 10.

trajectory of the system without changing the counting statis-
tics. In our calculations, we choose a horizontal link at the
number of protein molecules n∗, at which the vertical current
vanishes. This ensures that the link stays on the typical tra-
jectory, independent of the system parameters. Introducing χ

allows us to count and envision possible cyclic paths through
the state space. Counting statistics alone, however, do not
distinguish between different phases of the network.

Hence, we additionally plot the spectral flow, i.e., the spec-
trum along the full domain of χ from −π to π—a method
used to probe the system global winding (interpreted in quan-
tum systems as insertion of a magnetic flux) [37]. While the
spectrum of the original transition matrix W is shown in black
in Fig. 2(a), we see that sweeping the phase χ from −π to
π produces a continuous change in the spectrum that forms
loops, where the color corresponds to different values of χ

(see Appendix A for details about calculation).
Notably, the loops appear qualitatively different for differ-

ent values of the adiabaticity parameter ω = f /k. Adiabatic-
ity, as introduced in Ref. [38], describes whether the DNA
site has equilibrated between the bound and unbound states
or not, corresponding to the adiabatic (ω � 1) regime where
local equilibrium is achieved or to the nonadiabatic (ω � 1)
regime, when it is not. The network also depends on additional
parameters X ad = g1/2k and X eq = f /h. We further globally
modulate these parameters to demonstrate the stability of
our topological predictions to variations in transition rates
[39]. Note that introducing random variations of individual
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transitions (rather than global rate constants), as is com-
monly done in topological stability analysis [26,31], is rather
unnatural for biochemical gene networks, as this would im-
ply randomness in rates for different numbers of protein
molecules.

In Fig. 2(a), for both ω � 1 and ω � 1, small spectral
loops appear near the steady state that are composed of only
two states that fold back on themselves. The next two states
away from the steady state form another separate loop. In
contrast, for ω ≈ 1, all the states connect to form a continuous
large loop. These differences in loop size point to distinct
physics, since stochastic transitions between only two states
always have zero oscillatory coherence [40] in contrast to
when multiple states participate.

To test whether indeed we obtain regimes with different
oscillatory features, we analyze the coherence of the system.
For this, we calculate the ratio of the imaginary and real
parts of the first nontrivial eigenvalue of the transition matrix
W , R = Imλ1/Reλ1. This expression gives the number of
coherent oscillations weighted by their lifetime [40]. Indeed,
we find that oscillations emerge at ω ≈ 1 as indicated by a
nonzero coherence in Fig. 2(b), for several values of parameter
X eq. These oscillations were not noticed in previous studies of
this gene network [32,33] and were only revealed upon analy-
sis of this spectral flow. Instead, the previous studies described
only a regime of bistability for ω � 1 and of monostability for
ω � 1, as we can see in plots of the steady state in Fig. 2(c).
While the steady state of ω ≈ 1 appears flat and featureless,
this is nevertheless consistent with the system cycling across
the whole network in this explicitly nonequilibrium regime.

Crucially, as we go between the small and large loop
regimes, the system goes through a nonreciprocal phase tran-
sition that is characterized by a pitchfork bifurcation of the
eigenvalues of the complex master equation [41]. Specifically,
the two eigenvalues closest to the steady state coalesce to form
an exceptional point and then split into a pair of complex-
conjugated eigenvalues (see Appendix C for details). This
marks a transition between a chiral and a stationary phase
[42], which has also been observed in other platforms, such
as active matter [42] or optical quantum gases [43].

The global winding number [29], determined from the
spectral flow as

ν =
∑
ε=±0

1

2π i

∫ 2π

0
dχ∂χ ln det W (χ + iε), (2)

turns out to be +1 for all three regimes. When the network
ends in a sink, i.e., extinction in the regime of death with
strictly no regeneration, the winding number becomes 0. In
this paper, we focus on ergodic networks that do regenerate,
albeit at a small rate.

III. IN THE NONADIABATIC PHASE, LOCAL WINDING
NUMBER PREDICTS BIMODALITY AND
LOCATION OF STEADY-STATE PEAKS

While the spectral flow can distinguish between differ-
ent dynamical regimes and identifies the phase transitions, it
would be useful to predict specific quantities of interest within
each phase, such as the location of the steady-state peak and

the relative heights of different peaks. Here, we introduce a
local winding number for this purpose. A winding number in
a single one-dimensional chain predicts the accumulation of
probability density at the system edge or domain wall, also
known as the non-Hermitian skin effect [29,44–46]. However,
these winding numbers are usually calculated under periodic
boundary conditions [29,46]. The absence of translation sym-
metry in the transition rates as a function of protein number
in many networks including ours renders such a global ap-
proach inapplicable. Moreover, the location of a domain wall
in these genetic networks is not determined through an abrupt
change in transition rates, as happens at the edge of uniform
systems. In Hermitian systems, these challenges have been
solved using local topological invariants, such as as Chern
markers [47], which are computed in real space and insensi-
tive to spatial disorder. However, gene networks are explicitly
non-Hermitian and therefore need a non-Hermitian analog of
such local topological invariants.

To address these challenges in inhomogeneous non-
Hermitian networks, we develop a local winding number that
is evaluated independently at each protein number n of the
network. In the nonadiabatic phase ω � 1, slow transitions
between the bound and unbound chains allow us to view
the gene switch as two separate chains and define their local
winding numbers independently. For each chain, we choose
a unit cell that consists of the nth state of the chain together
with transitions connecting it to the right neighbor. Repeating
this unit cell many times leads to a new periodic system with
transition matrix

Wn0(χ ) = (n + 1)k(e−iχ − 1) (3)

for the nth unit cell of the bound chain and

Wn1(χ ) = g1(eiχ − 1) + (n + 1)k(e−iχ − 1) (4)

for the nth unit cell of the unbound chain, with χ ∈ [−π, π ].
We compute the nth local winding number in both chains

by plugging these transition matrices in Eq. (2), to show in
Fig. 3(a) how they change with the protein number n along the
network. In the bound chain, the local winding is νn0 = −1
along the entire chain, leading to the steady state localized
on the left edge at n∗

0 = 0 [blue in Fig. 3(b)]. In the unbound
chain, the local winding number switches from νn1 = +1 to
νn1 = −1 at the protein number n∗

1 = g1/k − 1 = 2X ad − 1,
where the forward and backward transitions become equal to
each other. This signals a domain wall at n∗

1, where we also
find the steady-state peak; see the orange line in Fig. 3(b) for
X eq = X ad = 20. We verify that our analytical prediction for
the domain wall matches the location of the steady-state peak,
evaluated numerically for a range of parameters X ad and X eq

[see Fig. 3(c)].
We can further predict which of the two peaks, bound or

unbound, will be larger. We use a principle of flux balance
similar to Kirchhoff’s laws for electrical circuits, derived in
Appendix D. This principle states that the total upward flux
in the gene network must be equal to the total downward
flux such that

∑
n J(n+1)1,n0 = 0. Here, the probability flux

between the ith and jth states is Jji = W ji pi − Wi j p j . In the
nonadiabatic phase, there are two narrow peaks at the steady
state. The bound peak at n = 0 with the total probability
p0 causes an upward flux J↑ ≈ f p0. At the same time, the
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FIG. 3. In the nonadiabatic phase, local winding of bound and unbound chains individually predicts two peaks. (a) Local winding number
is tracked along the bound (blue) and unbound (orange) chains. It is computed under periodic boundary conditions, as illustrated in two
cartoons. (b) Steady-state peaks occur at an edge (bound) and a domain wall (unbound), as predicted by local winding numbers. (c) Observed
peak locations in the unbound states np (orange dots) match predicted domain wall locations n∗

1 (gray line) for a range of parameter values.
(d) Relative probability between peaks 	p = ∑

n pn1 − pn0 for a range of X ad and X eq; peaks are equal when X eq = 2X ad. Insets: Right peak
dominates when X eq > 2X ad and is smaller when X eq < 2X ad. Plots use X eq = X ad = 20 and ω = 0.01.

unbound peak at n ≈ 2X ad with the total probability p1 causes
a downward flux J↓ ≈ 2X adhp1. Since J↑ = J↓, the two peaks
are equal when 2X ad = f /h = X eq [dashed line in Fig. 3(d)].
We predict that the unbound peak is larger than the bound
peak when X eq > 2X ad and vice versa, which we also confirm
numerically in Fig. 3(d).

IV. IN THE ADIABATIC PHASE, THE LOCAL WINDING
NUMBER PREDICTS THE LOCATION OF THE

STEADY-STATE PEAK

In the adiabatic phase ω � 1, fast transitions between
the bound and unbound chains cause the system to average

over these states, similar to what happens in the Shea-Ackers
deterministic model [48]. Due to this averaging, we define
a combined local winding number for coupled bound and
unbound states. This local winding would then predict the
steady state of the full gene network.

To define this invariant, we choose a unit cell that consists
of the nth state in the bound chain and the (n + 1)th state
in the unbound chain, together with transitions between these
states as well as transitions to and from their right neighbors.
Imposing periodic boundary conditions on this unit cell, we
obtain the combined local periodic network with transition
matrix

Wn,tot (χ ) =
(

(n + 1)k(e−iχ − 1) − f (n + 1)h

f g1(eiχ − 1) + (n + 2)k(e−iχ − 1) − (n + 1)h

)
. (5)

We compute the corresponding local winding number using
Eq. (2). Plotting the combined local winding as a function of
the protein number n in Fig. 4(a), we observe that it changes
sign across a domain wall, when the winding of the bound
chain starts dominating over the unbound chain, as illustrated
in cartoons above the plot.

The domain wall in the combined winding number deter-
mines the location of the steady-state peak, as we illustrate in
Fig. 4(b). To analytically derive the domain wall location, we
use the fact that the sign of the winding number is the same
as the sign of the probability flux along a periodic network
[29]. Therefore, the local winding number changes sign where
probability flux vanishes. We use this to infer that the domain
wall (details in Appendix E) will be located at

n∗
tot = (−X eq +

√
(X eq )2 + 4X eq(2X ad − 1))/2. (6)

To confirm this prediction, we verify in Fig. 4(c) that the
domain wall determines the peak location for a range of pa-
rameters X ad and X eq. We note that when defining the spectral

flow in Fig. 2(a), we used the same value of protein number
n∗ = n∗

tot to introduce the complex phase factor.
Similar to what was done for the nonadiabatic phase, we

use flux balance to predict the probability distribution between
bound and unbound chains. With both bound and unbound
peaks located at n = n∗

tot, the up and down fluxes are J↑ ≈ f p0

and J↓ ≈ n∗
tothp1. Probabilities of being bound or unbound are

equal when n∗
tot = f /h = X eq, which is true when X ad ≈ X eq

[dashed line in Fig. 3(d)]. We numerically confirm this predic-
tion in Fig. 3(d).

V. CONCLUSION

We have developed topological methods for stochastic
systems that have inhomogeneous transition rates that break
translation symmetry in number space and demonstrate this
approach on the simplest gene switch network. Using these
methods, the analysis predicts three different phases even
for this simple network, and several crucial properties of its
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FIG. 4. In the adiabatic phase, combined local winding determines domain wall and peak location. (a) Local winding number is tracked
along two averaged chains (black). Cartoons illustrate networks with periodic boundary conditions, where either the unbound or bound chain
dominates the net winding direction. (b) Steady-state peak in the total probability (black) is determined by the domain wall in the local winding
number. (c) Observed peak locations np (black dots) match predicted domain wall locations n∗

tot (gray lines) for a range of parameter values.
(d) Relative probability between unbound and bound chains 	p = ∑

n pn1 − pn0 for a range of X ad and X eq. Probabilities are equal when
X eq = X ad. Insets: Unbound probability dominates when X eq > X ad and is smaller when X eq < X ad. Plots use X eq = X ad = 20 and ω = 10.

steady state, such as peak location and relative heights. These
results pave the way for future explorations using the lens of
topology. For instance, relaxation times have been predicted
to scale differently with system size depending on topology
[29], which would have biological consequences. Another
interesting regime is when the global winding number goes
to zero, i.e., in the nonergodic case [46] that applies where
the transcription factor can go completely extinct without the
possibility of regeneration.

In the future, our methods can be generalized to other
biological networks with similar underlying structure. This
includes the case of dimer binding instead of monomer bind-
ing where even the deterministic treatment gives multiple
stable states [35,49–51], or going to higher-dimensional net-
works, such as those consisting of multiple genes or proteins
[7,35,52]. It would also be interesting to use topological
ideas for deterministically oscillatory gene networks such as
NFκB/IκB [7,52]. In cases where transcription factors can
go strictly extinct, we see that many gene networks have the
possibility of having an unavoidable death. It is an interesting
question whether real biological networks have evolved to
avoid such catastrophes through their topology.
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APPENDIX A: GLOBAL SPECTRUM

The gene switch is determined by a transition matrix W
introduced in the main text. In this Appendix, we explain how
we computed its spectral flow.

First, we take one link of the gene network n∗ �
n∗ + 1 and allow it to take on a complex value whose
phase χ can be swept from −π to π , W(n∗+1)1,n∗1(χ ) =
W(n∗+1)1,n∗1(0)eiχ and Wn∗1,(n∗+1)1(χ ) = Wn∗1,(n∗+1)1(0)e−iχ .
Note that this phase could be inserted on any rate. In our
calculation, we choose

n∗ = (−X eq +
√

(X eq )2 + 4X eq(2X ad − 1))/2,

which corresponds to the domain wall derived in Appendix E.
Then, we compute the spectrum of the periodic matrix

W (χ ) using exact diagonalization for a range of χ ∈ [−π, π ].
In our calculation, the network consists of 60 states, 30 in
each chain, bound and unbound. Each transition matrix is
calculated for 21 values of χ equidistantly distributed between
−π and π values. Eigenvalues of the transition matrix W (χ )
flow continuously as the phase χ is swept between −π and π ,
thus forming a spectral flow.

Note that the spectra in Fig. 2(a) are enlarged to distinguish
fine details near the steady state, so not all calculated eigen-
values are visible in the figure. We plot the enlarged spectra in
Fig. 5 for the same set of parameters.

APPENDIX B: COUNTING STATISTICS
INTERPRETATION OF THE FIELD χ

In this Appendix, we provide a physical interpretation of
the spectral flow introduced in Appendix A. It can be under-
stood through the number of times that a typical trajectory
crosses the link with the phase χ , the so-called counting statis-
tics introduced in Ref. [36]. To count the number of trajectory
crossings, this formalism introduces a probability generating
function

Z (χ ) = 〈1|eW (χ )T | p̄〉,
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FIG. 5. Spectrum of the transition matrix W (χ ) with manually imposed periodic boundary conditions for a range of χ ∈ [−π, π ] and
three values of adiabaticity ω. Other system parameters are set to X ad = X eq = 10.

where T is time over which we observe the system, χ has the
meaning of the counting field, and ln Z (χ ) is the full counting
statistics. This means that the derivative

d

d (iχ )
ln Z (χ )

∣∣
χ=0

gives the number of times that a typical trajectory crosses the
chosen link over the time T . In our system, this corresponds
to the number of clockwise loops that the system makes
around the network. The corresponding current can be com-
puted as the derivative of the first eigenvalue of the transition
matrix [29]:

J = d

d (iχ )
λ0(χ )

∣∣
χ=0.

Finally, we would like to compare this interpretation with
a flux insertion method used to compute spectral flows in dis-
ordered quantum systems [37]. There, the phase χ is usually
distributed evenly across all transitions of the entire network.
In this case, phase χ can be interpreted as a magnetic flux
inserted in the middle of a closed loop, affecting the phase
of transition amplitudes. While the physical interpretation in
quantum and stochastic systems is different, both methods
enable computing spectral flows and studying topological
properties of these systems.

APPENDIX C: EXCEPTIONAL POINT
PHASE TRANSITION

In the main text, we discussed how three regimes of the
gene switch are separated by exceptional point phase transi-
tions [41,42]. Here, we provide a more detailed analysis of
these phase transitions.

Exceptional points are characterized by a simultaneous co-
alescence of eigenvalues and eigenvectors of a non-Hermitian
matrix. We demonstrate that the two closest to the steady-
state eigenvalues of the transition matrix W go through an
exceptional point. For this, we plot in Fig. 6 how their real
and imaginary parts change with adiabaticity ω = f /k. We
also plot a normalized scalar product of the corresponding
eigenvectors, which turn to 1 when the two vectors become

linearly dependent. This happens at the same values of ω at
which the eigenvalues coalesce, proving that the system goes
through exceptional points phase transitions.

Plotting in Fig. 6 the coherence of gene network oscilla-
tions for the same parameter range, we confirm that coherence
changes from zero to nonzero values at exceptional point
phase transitions.

APPENDIX D: CURRENT BALANCE FOLLOWS
FROM KIRCHHOFF’S LAWS

In this Appendix, we derive the current balance principle,
which was used in the main text, from the Kirchhoff’s laws.
To start, we define the probability current from the ith to the
jth state as

Jji = W ji pi − Wi j p j . (D1)

Currents in the gene network must obey the Kirchhoff’s laws:

J(n+1)0,n0 − Jn0,(n−1)0 = −J(n+1)1,n0, (D2)

J(n+2)1,(n+1)1 − J(n+1)1,n1 = J(n+1)1,n0, (D3)

while at the left edge the Kirchhoff’s laws are fulfilled by

−J10,00 = J11,00 = J21,11. (D4)

Summing up Eq. (D2) for n from 1 to ∞, and taking into
account Eq. (D4), we derive that the vertical current summed
over the network is zero:

∞∑
n=0

J(n+1)1,n0 = 0. (D5)

APPENDIX E: ANALYTICAL DERIVATION OF THE
DOMAIN WALL IN THE ADIABATIC PHASE

In this Appendix, we analytically derive the domain wall
location for the combined local winding number in the adia-
batic phase. For this, we use the fact that the winding number
changes its sign when currents in the corresponding periodic
network vanish [29]. To find this location, we track how ver-
tical and horizontal currents in a local periodic network given
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FIG. 6. Exceptional point phase transition in the gene switch. We plot two closest to the steady-state eigenvalues and a scalar product of
the corresponding eigenvectors as a function of adiabaticity ω. We plot coherence of oscillations for the same parameter range. These plots are
made for parameter values X eq = X ad = 20.

by Eq. (5) change as a function of protein number n. Assuming
that the total probability in a local network splits into proba-
bility p0 in the lower chain and p1 in the upper chain, we can
express the currents in the (n − 1)th local network as

Jvertical = f p0 − nhp1, (E1)

Jhorizontal = J0 + J1 = −nkp0 + (g1 − (n + 1)k)p1, (E2)

where the horizontal current has two contributions, from the
lower and the upper chains. To find the domain wall location,
we set both vertical and horizontal currents to zero. From
Jvertical = 0, we get

p0 = nhp1/ f . (E3)

Plugging this into Jhorizontal = 0, we get

n2 + ( f /h)n − ( f /h)(g1/k − 1) = 0. (E4)

The positive solution of this equation, parameterized by X ad =
g1/2k and X eq = f /h, is

n∗
tot = (−X eq +

√
(X eq )2 + 4X eq(2X ad − 1))/2. (E5)

This protein number corresponds to the domain wall of the
local winding number.
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