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THE COMPLEXITY OF THE TRAJECTORIES OF A DYNAMICAL SYSTEM

A.A.Brudno

In this paper we define the notion of complexity of a trajectory of a dynamical system and study the con-
nection of this new quantity with such traditional characteristics of the theory of dynamical systems (see for
example, the survey [1]) as entropy (both metrical and topological) and decomposition into ergodic sets. A
relationship between entropy and complexity of the description of the information of a discrete ergodic source
was first mentioned by Shannon, true, without a precise definition of the second quantity. A rigorous definition
of the complexity of a finite word S was given by Kolmogorov [2]. In [3] there are many examples pointing
to the fruitfulness of introducing a characteristic like complexity in the theory of algorithms, probability, and
information; Proposition 5.1 announced there by Levin was one of the stimuli of the present paper.

A dynamical system (d.s.) is a pair (X, T), where X is a Lebesgue space with a o-algebra of measurable
sets IN, and the transformation T: X — X is measurable. Let M(X) be the set of all normalized measures of
X. We put

M(T) = {p € M(X) : p is T-invariant },
EM(Ty= {p € M(T) : pn isergodic }.

k oo
Letu= {U,,U,,..., Uy} beafinitecoverof X ( U U;=X), &= {1,2,...,k},A= 1 Z;, where
i=1 i=0

i =
Ly =% foriezZ'= {0,1,.. . }-We define amap g, : X — A as follows: w € ¢, (x) if w = {©(i) }iez+
is such that T'x € Uw@) fori € Z*. Finally, w" denotes the word w(0) w(l) ... w(n — 1), and X(S) the
complexity of a finite word S, as introduced in [2].
DEFINITION 1. The complexity of the trajectory of a point x € X relative to a finite measurable
partition B is defined as the quantity

Ko (z, TIB)= li11111 sup (1/r) K ((@p ())™)-

For all x € X the following relations hold:

LK, TI8) <K Tlg,)ifs, <8,,

2.K°x T18, VB,) <K°(x, T18,) +K°(x, T8,

3K, T8 =K, T|B) forallneZ".

LEMMA 1 (the main lemma). Suppose that u € EM(T). Then K° (x, T | §) = h (T, 8) for p-almost all
X, where h”(T, B) is the entropy on the unit of time of 8.

DEFINITION 2. The complexity of the trajectory of a point x relative to an exhaustive family of
increasing partitions B = {B;};cz+ (thatis, g, <p, <...and ¥ M(B;) = M) is defined as the
quantity igs+

K% (z, T|B)=lim K0 (z, T |B)).

It can be shown that if B = {B;}and B = {Bi} are two distinct such families, then
Q={z: K%z, T | B) 5= K%z, T | B’)} isa set of absolute invariant measure zero. It is, therefore,
expedient to fix some family B, to define the complexity of a trajectory as that relative to 98, and to
denote it simply by K°(x, T).
THEOREM 1. For every t € R we set X3 = {z: K°(x, T) =t};clearly, X= U +X'}.
teR

1. The sets X} are invariant and measurable forall t € R*.
2X30Xy=pfort+t.
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3.1f p € EM(T) and the entropy of the d.s. is hy(T) then u (X7) = 1.

COROLLARY. Letr=  sup h“; then R= {x: K%z, T) > r} isaset of absolute invariant
WE EM(T)
measure zero.

However, the set R may be non-empty. In the case of a topological d.s. (for which r = A(T) is the topological
entropy) this circumstance compels us to consider also another definition of the complexity of a trajectory. In
what follows it is assumed that X is a compact, possibly metric, space, IR a Borel o-algebra, and T continuous.

DEFINITION 3. The quantity K* (x, T | &) = lim sup (1/n) (min K (™) is called the regular

n> o WhE(p, (xN"
complexity of the trajectory of a point x relative to a finite cover u, and the quantity
K'(x, T) = sup K' (x, T | u) the regular complexity of the trajectory of x, where the sup is taken over all
u

finite open covers u.

For XK' (x, T | ©) and K* (x, T) the following relations hold:

1'=3'. For K* (x, T'| u) the assertions 1.—3. are valid.

4. K'(x, T |u) < h(T, u), the topological entropy of the cover u.

Consequently, X' (x, T) < i(T | 0(x)) < h(T) for all x, where O(x) is the closure of the trajectory of x.

5.K'e, < K°(x, T| B = {B;}) forallx when the diameter of the partitions B; tends to zero.

By means of K! (x, T) we can construct a partition of X analogous to that furnished by Theorem 1, since
Theorem 2 holds.

THEOREM 2. If uc EM(T), then K' (x, T) = h (1) for u-almost all x.

COROLLARY . If X =U G, UG, is a partition into ergodic sels (see [in,
Xi={o:K'x, D=t})and W,={U G,: hy(T) = t}, then X} A W, is aset of absolute invariant measure
zero, possibly non-empty.

In conclusion I wish to thank V. M. Alekseev for his constant interest in the work.
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